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ON THE K-THEORY OF GROUPS WITH FINITE 
DECOMPOSITION COMPLEXITY 

DANIEL KASPROWSKI 



(^ ' Abstract. It is proved that the assembly map in algebraic K- and L-theory with 

04 , respect to the family of finite subgroups is injective for groups F with finite quotient 

$H ' finite decomposition complexity (a strengthening of finite decomposition complex- 

^jH, ity introduced by Guentner, Tesser and Yu) that admit a finite dimensional model 

for EF and have an upper bound on the order of their finite subgroups. In partic- 

ly-s , ular this applies to finitely generated linear groups over fields with characteristic 

zero with a finite dimensional model for EF. 



Introduction 



j^ ■ Assembly maps in algebraic K- and L-theory are a useful tool to study the K- and 

L-theory of group rings -R[r]. This is important for understanding geometric prop- 
erties of manifolds with fundamental group F. 

Finite decomposition complexity, introduced by Guentner, Tessera and Yu in |GTYa] 
'i> ■ and |GTYb) . is a generalization of finite asymptotic dimension. In |RTY| the injec- 

tivity of the assembly map for algebraic K-theory was proved for groups F with finite 
^ I decomposition complexity and finite classifying space BT. In this article we use the 

'Nh ■ methods of [BR07bJ to relax the finiteness assumption on BT to allow for groups with 

^ . torsion. To do so we need the stronger notion of finite quotient finite decomposition 

complexity. Our main result is the following theorem. 



Theorem A. Let T be a discrete group with finite quotient finite decomposition 

complexity and a global upper bound on the order of its finite subgroups and let R be 

/\ . a ring. Assume there exists a finite dimensional model for ET. Then the assembly 



C^ , Tnap 



(0.1) H^{Er;Kn)^K,{R[r]) 

in algebraic K-theory is a split injection. 

In Section [8] Theorem 18.11 is proved. This is a slightly stronger version than Theo- 
rem |Al In Theorem 18. II the assembly map is proved to be injective for every additive 
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2 DANIEL KASPROWSKI 

F-category A. Theorem 1X1 follows from this by taking A to be the category of finitely 

generated free i?-modules. 

In section |9] a L-theoretic version of Theorem 18.11 is proved. 

If r is torsion-free, then having finite quotient finite decomposition complexity is 
the same as having finite decomposition complexity. So we immediately get the 
following. 

Corollary 1. Let T be a discrete group with finite decomposition complexity that 
admits a finite dimensional model for ET (in particular T is torsion-free). Then the 
assembly map (10. ip is split injective for every ring R. 

Since groups with finite asymptotic dimension have finite quotient finite decompo- 
sition complexity, we also get the following strengthening of Theorem A of [BR07b] . 

Corollary 2. Let T be a discrete group with finite asymptotic dimension and a 
global upper bound on the order of its finite subgroups. Assume there exists a finite 
dimensional model for ET, then the assembly map (10. ip is split injective for every 
ring R. 



In |BR07b| no assumption on the order of the finite subgroups is made but there 



is a gap in the proof of Proposition 7.4. Therefore, the proofs of the main results 
from |BR07b] are only correct under the additional assumption that there exists a 
cocompact model for EF. In section [7] we prove a bounded version of the Descent 
Principle. This can be used to fix the proofs of the main theorems of |BR07bj under 
the additional assumption of an upper bound on the order of finite subgroups. If the 
proof of the Descent Principle 7.5 in |BR07b) can be fixed without further assump- 
tions also our main theorem holds without the assumption on the finite subgroups. 

In [GTYa] is was shown that linear groups have finite decomposition complexity 



and a slight modification of this proof will yield that they even have finite quotient 
finite decomposition complexity, as we will show in section HI In |AS81] it was proved 
that a finitely generated subgroup of a linear group over a field of characteristic zero 
has a finite dimensional model for EF if and only if there is a global upper bound 
on the Hirsch rank of its unipotent subgroups. By Selbergs Lemma [Sel60j a finitely 
generated linear group over a field of characteristic zero is virtually torsion-free and 
thus has an upper bound on its finite subgroups. Therefore, we get the following 
corollary: 

Corollary 3. Let F be a field of characteristic zero, F a finitely generated subgroup 
of GLn{F) with a global upper bound on the Hirsch rank of its unipotent subgroups. 
Then the K -theoretic assembly map (10. ip is split injective for every ring R. 
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A finitely generated linear group F over a field of positive characteristic has finite 
asymptotic dimension by |GTYbt Theorem 3.0.1] and EF admits a finite dimensional 
model by |DPt Corollary 5]. 

Corollary 4. Let F be a field of positive characteristic, F a finitely generated sub- 
group of GLn{F). Suppose F has an upper bound on the order of its finite subgroups, 
then the K -theoretic assembly map (10. ip is split injective for every ring R. 

Acknowledgments: This article is part of my PhD thesis. 1 would like to thank 
my supervisor Arthur Bartels for many helpful discussions. 
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Notation. 

• F will always denote a group. And all groups will be countable and discrete. 

• Metrics are allowed to take on the value oo and a metric T-space will always 
be a metric space with an isometric (left) F-action. 

• For a metric space X, a subspace Y C X and R > define 

Y^:={xeX\ d{x,Y) <R}. 

• For metric spaces {(Xj, (ij)}jg/ we define 

X. 






to be the metric space with 

di{x,y) if3i:x,yeXi 



^^'y> 1 cx) else 
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1. Metric properties of Er 

In this section we will first show that any discrete, countable group F that admits 
a finite dimensional model for EF also admits a finite dimensional simplicial model 
with a proper F-invariant metric. 

Definiton 1.1. A metric space {X,d) (resp. the metric d) is called proper if for 
every R> and every x G X the closed ball Bfj{x) := {y E X \ d{x,y) < R} C X 
is compact. 
A metric rf on X is called finite if d{x, y) < oo for all x,y E X. 

Lemma 1.2. Let X be a finite dimensional T-CW-complex with countahly many 
cells, then X is T-homotopy equivalent to a (countable) simplicial T-CW-complex of 
the same dimension. 

This lemma is stated in [MisOl] and is proved in |Hat02t 2C.5] for F = {e}. The 
construction from this proof can be done in an equivariant fashion. 

Lemma 1.3. Let X he a finite dimensional, countable (simplicial) T-CW-complex 
with finite stabilizers. Then X is T-homotopy equivalent to a locally finite, finite 
dimensional, countable (simplicial) T-CW-complex. 

Proof. Let {on]ne.¥i be an enumeration of the F-cells of X. For t > let 

Yt:={(Tn\n< \t\} 

and let Xt be the smallest subcomplex of X containing Yt. Since Yt contains only 
finitely many F-cells, also Xt is finite for every t > 0. The mapping telescope 

T := {(x, t) G X X [0, oo) I a; G Xt} 

is a F-CW-complex that is homotopy equivalent to X and since X has only finite 
stabilizers T is locally finite. 

If X is simplicial, then there is a simplicial structure on T with vertices (f , n), where 
n G N and v a vertex of X„. D 

Lemma 1.4. If X is a model for ET , then X contains a countable T-subcomplex 
which is still a model for ET . 

Proof. Because F has only countably many finite subgroups there exists a countable 
F-subcomplex Xq C X with fixed point sets X'^ ^ for all G < F finite. 
Inductively define countable F-subcomplexes Xj C X such that Xf_-^ =— )■ Xf is null 
homotopic for every finite subgroup G < F. Those exist because X^ is contractible 
and they can be chosen as countable complexes since the image of every contraction 
of Xf_^ in X^ lies in a countable subcomplex. 
Since (UieN"^*)'^ ~ Uigin"^*^ ^^"^ -^? ^^ contractible in X^^^^, the subcomplex 
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(UigN -^i)'^ has vanishing honiotopy groups and is therefore contractible. So IJieN "^« 
is a countable subconiplex of X which is still a model for EF. D 

By combining the three lemmas above we get: 

Proposition 1.5. IfT admits a finite dimensional model for ET, then it also admits 
a finite dimensional simplicialT-CW-model for ET with a proper T -invariant metric. 

Proof. By Lemma 11.41 there exists a countable, finite dimensional F-CW-model for 
EF. So by Lemma [L2l and [L3] the group F admits a locally finite, finite dimensional, 
simplicial F-CW-model X for EF. We can take the unique path metric on X which 
restricts to the Euclidean metric on every simplex. For a definition of the simplicial 
path metric see |RTYl Section 2]. This metric has the desired properties. D 

Uniform contractibility. In the following we will need some contractibility prop- 
erties. We will first define uniform contractibility with respect to subspaces and then 
prove the results about uniform contractibility from |BR07b] in the relative case. 

Remark 1.6. Let G be a finite group, X a metric G-space and g: X — )■ G\X the 
quotient map. Then 

dG\x{y,y') ■■= dxiq-\y),q-\y')) ior y,y' E G\X 

defines a metric on G\X. We will always consider quotients of metric spaces by an 
isometric action of a finite group as metric spaces using this metric. 



In |BR07b[ Definition 1.1] uniform J-'in-contractibility was defined. We will need 



a relative version of this definition. 

Definiton 1.7. Let X be a proper metric F-space, Y (1 X. X is said to be uniformly 

J^in- contractible with respect to Y if for every R > there exists an 5* > such that 

the following holds: For every G < F finite and every G-invariant subset B <Z X oi 

diameter less than R with BnY^ ^ the inclusion BdY^ M- B^ is G-equivariantly 

null homotopic. 

We say that a metric space X is uniformly contractible with respect to F C X if for 

every R> there is an S* > such that Bpi{x) fl Y^ ■— t- Bs{x) is null homotopic for 

every x e X with Br{x) n F^ 7^ 0. 

Note that every metric space is uniformly contractible with respect to the empty 

subset. 

In contrast to the definition in [BR07bj we require S to be independent of the 
finite subgroup G. 

In |BR07bt Lemma 1.5] it was proved that if a group F admits a cocompact model 
X for EF, then X is uniformly J-'m-contractible. This can be modified to show the 
following relative version. 



6 DANIEL KASPROWSKI 

Lemma 1.8. Let X be a T-CW-model for ET with a proper T-invariant metric. 
Then X is uniformly J-'in-contractible with respect to every cocompact subset TK 
ofX. 

Proof. Let i? > and TK cocompact be given. Because the metric on X is proper 
TK^ is contained in a cocompact subcomplex TK' of X. Let k be an upper bound on 
the diameter of cells in TK' . Every subspace Y C TK' (invariant under some G < F) 
of diameter less than R is contained in a finite subcomplex of TK' (invariant under 
G) of diameter less than R' := R + k. Let B be the set of all finite subcomplexes 
of TK' of diameter less than R'. Define T := {{B,G) \ B e B,G < Tb}, where 
Fb := {7 e r I 75 = B}. T acts on T by 7(5, G) := (7^, G^), where G^ := 7^7"^ 
Since TK' is cocompact and the metric on TK' is proper, the quotient T/T is finite. 
For every {B, G) there exists an 5* = S{B, G) > such that B is G-equivariantly 
contractible in B^ since X is G-equivariantly contractible by assumption. Because 
the action of F on T has finite quotient, this 5* can be chosen independently of B 
and G. D 

Notation 1.9. Let X be a space with an action of a group F and let iS be a collection 
of subsets of F. Define X^ to be the union of all fixed sets X^ , where H & S. If iS is 
closed under conjugation by elements of F, then X^ is a F-invariant subspace of X. 

Also |BR07bt Lemma L4] can be modified to a relative version. 

Lemma 1.10. Let X be a T -space with a proper T-invariant metric and Y C X be a 
T-invariant subspace. For every finite subgroup G <T let J{G) be the set of families 
S of subgroups of G such that S is closed under conjugation by G. For all n & ¥\ 
define 

Jn := {{G,S) \G<T,\G\<n,S e JiG)} 
and assume X is uniformly J^ in- contractible with respect to Y . Then Y[(g s)eJ„ G\X^ 
is uniformly contractible with respect to Y[(GS)eJ ^\0^ ^ -^^) f^^ every n G N. 

Proof. Let n G N and i? > be given. Let 5 > be such that for every finite 
subgroup G < F and every G-invariant subset i? C X of diameter less or equal to 
2Rn with B fl Y^ ^ the inclusion B n Y^ "^ B^ is G-equivariantly null homotopic. 
Let {G,S) e Jn, y ^ G\X^ and x G q'^{y), where q: X^ -)■ G\X^ is the quotient 
map. Let H be the subgroup of G consisting of all g & G for which there are 
91) ■■■,gm G G such that gi = e, gm = g and d{giX, gi+ix) < 2R. Then the diameter of 
B := Hx^ C X is bounded by 2R\G\ < 2Rn. Therefore, HBnY^ y^ 0, the inclusion 
B n Y^ M- B'^ is /7-equivariantly null homotopic. In particular let z G B^ be the 
point fixed by H on which B fl Y^ contracts (for some choice of a null homotopy). 
For g E G — H we have gB fl -B = and therefore the inclusion GB fl Y^ M- GB^ 
is G-equivariantly homotopic to a map that sends gB to gz. By G-equivariance this 
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homotopy can be restricted to X^ , which induces the required null honiotopy on the 
quotient. D 

2. Finite quotient Finite Decomposition Complexity 

Definiton 2.1. Let / := {0, 1} x N^°. A metric space X decomposes over a class 
of metric spaces C if for every r > there exists a decomposition X = [Ju^\^j X^^n 
with d{X^^ni,X^^n2) > r if ni 7^ n2 and such that the metric space Yiun)^! -^'^>n ^^ 
in C. 

A class of metric spaces C is stable under decomposition if every metric space which 
decomposes over C actually belongs to C. 

A metric space X is called semi-bounded if there exists R > such that for all 
x,y E X either d{x, y) < R oi d{x, y) = oo. 

Definiton 2.2. The class of metric spaces V with finite decomposition complexity 
is the minimal class of metric spaces which contains all semi-bounded spaces and is 
stable under decomposition. We say X has FDC if it is contained in P. 

This definition of FDC is the same as the original definition ( |GTYat 2.1.3]) but 
using only metric spaces instead of metric families. A metric family {Xi} has FDC 
in the sense of |GTYa) if and only if ]J Xj has FDC as in the above definition. 

Definiton 2.3. Let X be a metric F-space and F C X a subspace. We say that Y 
has finite quotient FDC (fqFDC) if for every n G N the space 

Y[ G\GY 

G<r,\G\<n 

has FDC. 

Remark 2.4. As remarked in the introduction if |BR07bt Theorem 7.5] is true, 
then we do not need the assumption on the upper bound on the order of the finite 
subgroups of F in our main theorem. In that case it would also suffice that G\F has 
FDC for every finite subgroup of F (and a proper invariant metric on F) instead of 
assuming that IJ(;<p |G|<n^\-'^ ^^^ FDC for every ra G N. 

Recall the following definition of asymptotic dimension. By |Roe03t Theorem 9.9] 
it is equivalent to the original definition of Gromov |Gro93| . 

Definiton 2.5. Let X be a metric space. The dimension of a cover U oi X is the 
smallest integer n such that each x G X is contained in at most n + 1 members of 
U. The cover U is called bounded if sup^/g^ diam f/ < oo. U has Lebesgue number 
at least R > ii the ball of radius R around x is contained in some U eU for each 
xGX. 
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The asymptotic dimension of X is the smallest integer n such that for any R > 
there exists an n- dimensional bounded cover U oi X whose Lebesgue number is at 
least R. 

Lemma 2.6. Let X be a metric T-space with finite asymptotic dimension. Then X 
has fqFDC. 

Proof. Let k := asdimX and let i? > be given. Let U be an at most fc-dimensional 
bounded cover of X whose Lebesgue number is at least R. For every G < T finite 
let Pg'- X ^ G\X be the quotient map. Define U'^ := {pg{U) \ U G U}. Then 
{U'^}\G\<n is a bounded cover of IJG<r |Gl<n^\"^ with Lebesque number at least 
R and dimension at most n{k + 1). Therefore, Y[G<r \G\<n^\-^ ^^^ asymptotic 
dimension at most n{k + 1). 
By |GTYa[ 4.1] a space with finite asymptotic dimension has FDC D 

3. Permanence for fqFDC 
We begin by recalling some elementary concepts from coarse geometry. 

Definiton 3.1. A map /: X -> F is 

• uniformly expansive if there exists a non- decreasing function 

p: [0,oo) -> [0,oo) 
such that for every x,y & X with d{x, y) < oo 

d{f{x)J{y))<p{d{x,y)), 

• effectively proper if there exists a proper non-decreasing function 

6: [0,oo) -^ [0,oo) 
such that for every x,y & X with d{x, y) < oo 

6{d{x,y))<d{f{x)J{y)), 

• a coarse embedding if it is both uniformly expansive and effectively proper 
and 

• metrically coarse if it is uniformly expansive and proper. If X is proper and 
the metric on X is finite, then / is metrically coarse if it is a coarse embedding. 

A metrically coarse homotopy between proper continuous maps is called a metric 

homotopy. 

Remark 3.2. 

• In the case where the metric spaces have a finite metric these definitions 
coincide with the common definitions but we allow effectively proper maps to 
map points with infinite distance close together. 
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• Let X = [J-^jXi,Y = [Jj^jYj, where different components have infinite 
distance and the metric restricted to each Xi resp. Yi is finite. Then viewing 
X and Y as famihes of metric spaces {Xj}jg/, {l^j^gj the above definitions 
coincide with those from |GTYb] . 

Recall the following permanence properties of FDC from |GTYa] . We will restate 
them using only spaces instead of families. 

Lemma 3.3 (Coarse Invariance |GTYat 3.1.3]). Let X,Y be metric spaces. If there 
is a coarse embedding from, X to Y and Y has FDC, then so does X . In particular 
if X has FDC, then for any family of sub spaces {Xj}jg/ the space Yiiei -^i ^^^ FDC. 

Theorem 3.4 (Fibering [ GTYat 3.1.4]). Let X,Y be metric spaces and f : X ^ Y 
uniformly expansive. Assume Y has finite decomposition complexity and that for 
every R > and every family of subspaces {Zi}iizj of Y with diamZj < R for all 
i E I also the space Uie/ / ""^(^i) ^^^ FDC. Then X has FDC. 

Theorem 3.5 (Finite Union |GTYal 3.1.7]). Let X be a metric space expressed as 
a union X = IJILi "^« of finitely many subspaces. If the space Y[^=i^i ^^■^ FDC, so 
does X . 

The following are generalizations to fqFDC of the above permanence properties. 

Lemma 3.6 (Coarse Invariance). Let X,Y be metric T-spaces. If there is a F- 
equivariant coarse embedding from X to Y and Y has fqFDC, then so does X . In 
particular if X has fqFDC, then for any family of subspaces {Xi}i^j the space Y[i<=i -^i 
has fqFDC 

Proof. Let p, S be given as in Definition 13.11 Then for all finite G < F the map 
/: G\X -^ G\Y fulfills the following for all x,y e G\X: 



and 



d{f{x)J{y)) = min d{f{x),gf{y)) < mm p{d{x,gy)) = p{d{x,y)) 

geG geG 



6{d{x,y)) = mm6{d{x,gy)) < min d{f (x) , f (gy)) = d{f (x) , f (y)) . 

g£G geG 



So for every k > the map 

F: Y[ G\X ^ Y[ '^\^ 

G<r,|G|<fc G<r,\G\<k 

is a coarse embedding as well. Since IJG<r |G|<fc^\^ ^^^ FDC by assumption, so 
does Uc.<r |g|<A: C^\^ by Lemma 13. 3[ D 
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Lemma 3.7 (Fibering). Let X,Y be metric T -spaces, /: X — ;■ F uniformly ex- 
pansive and T-equivariant. Assume Y has fqFDC and for all R > the space 
]J gy f~^{Bii{y)) has fqFDC (as a subspace o/IJ„gy X with componentwise T-action). 
Then X has fqFDC. 

Proof. As above the induced map F : IJ|g|<A:^\"^ ~^ W.\G\<k^\^ ^^ uniformly ex- 
pansive and IJ|G|<fc^\^ ^^^ FDC by assumption. By Theorem 13.41 it suffices to 
show that for every i? > and every family {Zjjjg/ of subspaces of IJ|(;|<fc G\Y with 
diamZj < R for all i G / the space W_i^iF~^{Zi) has FDC. Because of the bound 
on the diameter for all i G / there exists a Gj < F with \Gi\ < k and Zi C Gi\Y. 
For alH G / let pr^: Y — )■ Gi\Y be the projection and choose yi G pr^^(Zi). Define 
Z'i ■= pr~^{Zi) n Bpi{yi). Then pri{Z'^ = Zi and diamZ- < R. 

Let pr'j^ : X -^ Gi\X be the projection and /« : Gi\X — )■ Gi\Y the map induced by 
/. Then 

P<if-\z:)) = fr\pn{z[)) = fr\Z,), 

and since Yiiei /^^(^D — Uwey f^^{BR{y)) has fqFDC by assumption, in particular 

KeiP^iif'^i^i)) = UU\Zi) has FDC. But this is the same as Uie/^^H^i)- □ 

Lemma 3.8 (Finite Union). Let X be a metric T-space, Y C X, for i G {0, ..,n} 
let Xj C X have fqFDC and assume Y C |J"^^ Xj. Then Y has fqFDC 

Proof. In the case n = 2 the space IJ|G|<n^\^^ decomposes over a subspace of 
f ]Jig|<„G'\G'Xi j n (lJ|G|<n^\^"'^2), which has FDC by assumption. Therefore, 
lI|G|<n^\^^ has FDC. The general case follows by induction. D 

Remark 3.9. It is well known that also a finite union of spaces with finite asymptotic 
dimension has again finite asymptotic dimension, see |Roe031 Proposition 9.13]. 

4. Groups with fqFDC 

On every group F there exists a finite proper left invariant metric. For any two 
finite proper left invariant metrics d, d' on F the identity map (F, d) — )■ (F, d') is a 
coarse embedding. Therefore, the following definition does not depend on the chosen 
metric. 

Definiton 4.1. A group F has fqFDC if (F,(i) has fqFDC for a finite proper left 
invariant metric d. 

Remark 4.2. For any subgroup G < F and any finite proper left invariant metric d 
on F the function 

dG\T{G-f,Gi) := inf rf(^7,7') =mind(^7,7') 

gGG gGG 
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defines a finite proper metric on G\r. 

If we have a finite proper left invariant metric on F and a normal subgroup K <r, 

we will always consider this metric on T/K. This metric is again left invariant. 

If we talk about fqFDC in context of a group F, we will always mean F with a chosen 

finite proper left invariant metric. 

To prove some permanence properties for groups we first need a stronger version 
of fqFDC. 

Definiton 4.3. A group F has strong fqFDC if for all groups F' which contain F as 
a normal subgroup and all fc G N the space IJj:/<r/ ifji^i^H\Hr has FDC 

Lemma 4.4. Strong fqFDC is closed under extensions K ^- T ^ Q where K is a 
characteristic subgroup ofV. 

Proof. Let K <T he characteristic, Q := T/K and F < F'. Assume K and Q have 
strong fqFDC 

Since /T is a characteristic subgroup of F the group K is normal in F' and Q is normal 
in V /K. So we get a uniformly expansive map 

W H\HT ^ W {H/Hr\K)\{H/Hr\K)Q 

H<T',\H\<k H<T',\H\<k 

and Y[^^^,^^^^^j^{H/Hr\K)\{H/Hr\K)Q has FDC because Q has strong fqFDC. So 
by Theorem 13. 41 it suffices to show that for all r > the space IJ|j:^|<fc „gr H\HqB^{e)K 
has FDC, where Br{e)K = {7A; | 7 G 5^(e), k G K}. We have 

W H\HqBrie)KC [j ]J H\Hq-fK = [j ]J q^H'^^\H'>^K 

\H\<k,qer •y&Brie) \H\<k,qer ■y&Br{e) \H\<k,q& 

where H''^ = {q'y)~^Hq'y. Now the lemma follows by Theorem 13.51 and the assump- 
tion that K has strong fqFDC. D 

Lemma 4.5. Let F be the direct union of groups Fj having finite asymptotic dimen- 
sion. Than F has strong fqFDC 

Proof. Let A; G N and F < F' be given. For any r > and H < T' with \H\ < k 
define 

ZH:={Brie)nHT). 
Since 

r—disj 

Hr= JJ jZh, 

-fZHeHT/Zn 
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in particular 

r—disj 

HT= Y[ H^Zh. 

H-yZHdHXHT/ZH 

Therefore, W,^,^j^H\HT r-decomposes over JJ^gp ,^,^j^H\H'-jZh- 

So it suffices to show that ]J gp ,^,^j^H\H'-)Zh has FDC for any r > 0. 

Let i be such that -B2(A:+i)r(e) fl F C F,. 

Claim: Zh^W <Vi for all \H\ < k. 

Using this we conclude that Uii^-Kfe^^ ^ ^ has finite asymptotic dimension. Fur- 
thermore, Zh/Zh^'^ < HT /T = H/HnT has less or equal to k elements. For every 
H choose h^ G Z^ with Z^ = IJj=i ^^ {^h H F). Since h^i^Zu H F) is isometric 
to Zh n F for every 1 < i < k the space Y[\H\<k^fi^H H F) has finite asymptotic 
dimension and, therefore, also 

k 

II ^^ = U II hfiZHnr) 

\H\<k J=1|_H'|<A; 

has finite asymptotic dimension. 

Now numerating the elements of each H with \H\ < k we conclude in the same way 

that 

k 

H H^Zh = [J II hf^Zn 

7Gr,|j^|<fc «=i7er,|//|<fc 

has finite asymptotic dimension. 

If asdim]J^gp|^|<^iJ7Zj:/ < m, then asdimJJ^^p |^|<^if\if7ZH < k{m + 1) (see 
the proof of Lemma 12. 6p . 
Therefore, U^^j,^^^^^i^H\H^Zh has FDC. 

It remains to prove the above claim: 
Let z G Zh and let m be minimal with 

for some hj G H, 7^- G F, 7 G Fj such that hj'-fj G Br{e) for all j. 
Assume m > k> |if |, then there exist m — \H\ < rii < n2 < m with 

"m • • • i^m '^n2 • • • '^m- 

Therefore, 

(^ni7ni • • • hmlm)~^hn2ln2 ■ ■ ■ hmlm G F fl -B2(fe+l)r(e) C Fj 
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and there exists 7' G Fj with 

So m is not minimal, a contradiction. 
Let z G Zh n r be represented as 

Z = /li7i . . . hm'Jml 

for some hj'jj G Br{e) fl HT, 7 G Fj with m < k. 

Then /ii7i . . . hm'^m G F fl Bkr{e) C Fj and therefore also z = hi'ji . . . hm'Jm'y ^ Fj. 

This proves the claim. D 

By the classification of finitely generated abelian groups we immediately get the 
following: 

Corollary 4.6. Abelian groups have strong fqFDC. D 

Combining Lemma 14.41 and Corollary 14.61 yields: 

Corollary 4.7. Solvable groups have strong fqFDC. D 

To show that finitely generated linear groups have fqFDC we need the following 
extension property. 

Proposition 4.8. Let K ^ T —> Q be an extension and let K have strong fqFDC 
and Q fqFDC Then F has fqFDC 

Proof. F — > Q is uniformly expansive and Q has fqFDC. So by Lemma [3^71 it suffices 
to show that for all r > the space 

Y[gBrie)KC \J Y[g^K 
ser ■yeBrie)9er 

has fqFDC. This follows from Lemma \3M and the fact that for every A; G N, 7 G B^{e) 
the space 

\H\<k,g& \H\<k,g£T 

has FDC by assumption. D 

Linear groups. 

Theorem 4.9. Let T be a finitely generated subgroup of GLn{F) where F is a field. 
Then F has fqFDC 

This theorem is the fqFDC version of |GTYbl 3.0.1]. All steps in the proof hold 
for fqFDC as well, we only need to proof the following fqFDC version of |GTYb 
3.3.1]. 
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Lemma 4.10. Let G be a countable discrete group. Suppose there exists a (pseudo-) 
length function V on G with the following properties: 

(a) G has finite asymptotic dimension with respect to the associated (pseudo-) 
metric d' . 

(b) For all r > there exists l^., a (pseudo-) length function on G, for which 

(i) G has finite asymptotic dimension with respect to the associated 

(pseudo-) metric d^, 
(ii) l^ is proper when restricted to i?,.,^/(e), the ball of radius r around e with 
respect to the metric d' . 

Then G has fqFDC. 

Condition (ii) in the lemma means precisely that Bg^dX^) l~l Br^d'i^) is finite for 
every s > 0. 

In the proof we will use that finite asymptotic dimension implies fqFDC 
(see Lemma [2.61). 



Proof. Fix a proper length function / on G with associated metric d. By Lemma 
\'S.7\ applied to the identity map {G,d) -^ {G,d'), it suffices to show that for every 
r > the space IJ„g(^ -Br,d'(fi') — YiqeG 9Br,d'{^) has finite asymptotic dimension when 
equipped with the metric d. Because all spaces gBr^d'ie) are isometric to Br^d'i^) it 
suffices to show that B^^d'{&) has finite asymptotic dimension. 

Let r > 0. Pick /2r as in the assumptions. The ball Bj.di{e) ^ G has finite asymptotic 
dimension with respect to the metric d2r- 

Thus, it remains to show that the metrics d and d2r on B^^d'i^) are coarsely equivalent. 
Since /-balls in G are finite, we easily see that for every s there exists s' such that 
if d{g, h) < s, then d2r{g, h) < s'; this holds for every g and h in G. Conversely, for 
every s the set B2r,d'{e) r\Bs^d2r{^) is finite by assumption, and we obtain s' such that 
for every g in this set l{g) < s'. If now g,h & Br,i'{e) are such that d2r{g,h) < s, 
then g~^h G Bsd2ri^) and d{g, h) = l{g~^h) < s'. D 

To generalize this to arbitrary commutative rings we need Lemma 5.2.3 from 
[HTYa] : 

Lemma 4.11. Let R be a finitely generated commutative ring with unit and let n be 
the nilpotent radical of R, 

n = {r G i? I 3n : r" = 0}. 

The quotient ring S = R/n contains a finite number of prime ideals pi,..,p„ such 
that the diagonal map 

S -^ S/pi © ... © S/pn 

embeds S into a finite direct sum of domains. 
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The next theorem is the fqFDC version of |GTYal 5.2.2]. We need to assume that 
r is finitely generated because we do not know if fqFDC is closed under unions. 

Theorem 4.12. Let R be a commutative ring with unit and let T be a finitely gen- 
erated subgroup of GL{n,R), then T has fqFDC. 

Proof. Because F is finitely generated we can assume that R is finitely generated as 
well. With n and S as in the previous lemma, we have an exact sequence 

1 -> / + M„(n) ^ GL^{R) -^ GL^iS) 

in which I + Mn{n) is nilpotent and therefore has strong fqFDC by Corollary 14. 71 In 
the notation of the previous lemma we have embeddings 

GL^iS) ^ GL^iS/p^) x . . . x GL„(S/p„) ^ GL^{Q{S/p,)) x . . . x GL^{Q{S/Pn)) 

where Q{S/pi) is the quotient field of S/pi. 

So the quotient has fqFDC by Theorem 14. 9[ 

Now the theorem follows from Proposition 14.81 D 

5. Controlled Algebra 

Let X be a proper metric space, A a small additive category and F a group. The 
definition of a geometric module in this article is a slight variation of the definitions 
in |BR07b| and |RTY] . The first definition of geometric groups appeared in |CH69) 
and of geometric modules in |Qui79 and |Qui82 . The first definition of continuous 



control is in |ACFP94] . 

Definiton 5.1. Let Z := T x X x [0,1). A geometric A-module M over X is given 
by a sequence of objects {Mz)zez in A, subject to the following conditions: 

(a) The image of supp(M) = {z E Z \ M^ 7^ 0} under the projection 

Z -> X X [0, 1) 

is locally finite. 

(b) For every x G X, t G [0, 1) the set supp(M) n (F x {x} x {t}) is finite. 

A morphism (f:M — )■ N between geometric modules M, X is a sequence 
{fx,y'- My — )■ Nx)(x,y)GZ^ ^i uiorphisms in A, subject to the following conditions: 

(a) (fi is continuously controlled at 1, i.e. for each x G X and each neighborhood 
U of {x, 1) in X X [0, 1] there exists a neighborhood V of (x, 1) in X x [0, 1] 
such that for all 7,7' G F,f G V,y ^ ?7, ^{■y,v),{-y',y) = ^{y',y),{y,v) = 0. 

(b) For every z E Z the set {z' E Z \ ifz,z' 7^ or (fz'.z 7^ 0} is finite. 

(c) (f is R-bounded for some i? > 0, i.e. d{x,x') > R implies f('y,x,t),{'y\x',t') = 
for all 7, 7' G F, X, x' G X, t, t' G [0, 1). 
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Let ^r(-^) denote the category of geometric ^-modules over X and their niorphisms. 
The composition of niorphisms is given by matrix multiphcation. ^r(-^) is an addi- 
tive category with pointwise addition. 

Remark 5.2. Let Ac{X) C Ar{X) be the full additive subcategory with objects 

having support in {e} x X x [0, 1). This coincides with the definition of Ac{X) in 

pTY] . 

The inclusion Ac{X) ■—> ^r(-^) is an equivalence because of condition (6) on the 

objects of ^r(-^)- 

We now recall the definition of a Karoubi filtration |CP95t Definition 1.27]. 

Definiton 5.3. Let U he a full subcategory of an additive category A. We say that 
A is W-filtered if every object A ^ A has a family of decompositions {A = Ei® f/j} 
with Ei & A,Ui &U such that 

(a) for each A & A the decomposition forms a filtered poset under the partial 
order Ei®Ui < Ej © Uj whenever Ej is a direct summand of Ei and f/j is a 
direct summand of Uj. 

(b) for every A E A,U eU every map f : A ^ U factors as 

A = Ei®Ai^ Ei^ A 

for some i. 

(c) for every A E A,U eU every map f : U ^ A factors as 

U ^Ui^ Ei®Ui^ A 

for some i. 

(d) for each A,B E A the filtration of A © i? is equivalent to the sum of the 
filtrations {A = Ei®Ui} and {B = Fj © V,}, i.e. to {Ei © Fj ®Ui®Vj}. 

The quotient A/U is defined as the category having the same objects as A and 
morphism equivalence classes of morphism of A where f,g: A -^ B are equivalent if 
f — g factors through some U ElA. 

By K-theory of an additive category we will always mean the non-connective 
K-theory spectrum |PW85| . 

Theorem 5.4 ([UP951 Theorem 1.28]). If A is U- filtered, then 

K(W) -^ K{A) -^ K{A/U) 
is a homotopy fibration sequence. 

Definiton 5.5 ( |PW85[ Definition 1.1]). An additive category A is said to be filtered 
if there is an increasing filtration 

Fo(A S) C Fi(A, 5) C . . . C F„(A, 5) C . . . 
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on hom(A, B) for every pair of objects A, B E A. Each Fi{A, B) has to be an additive 
subgroup of hom(A, 5) and we must have \J^^^Fi{A^B) = h.om.{A,B). We require 
the zero and identity maps to be in the zeroth filtration degree and for / G Fi{A, B) 
and g G Fj{B, C) the composition (7 o / to be in Fj+j(A, C). If / G Fi{A^ B), we say 
that / has (filtration) degree i. 

Remark 5.6. We do not demand projections A(BB -^ A and inclusions A ^ A(BB 
to have degree zero because then we either have to specify choices for the sums or 
every isomorphism would have degree zero. 

Definiton 5.7. For filtered additive categories {Ai}i(zj we define riie/-^* ^'^ be the 
subcategory of Hje/ -^i containing all objects and those morphisms ip = {(/?«}«£/ such 
that there exists n G N with ipi has degree n for all i E L 

For a metric space X the categories ^r(-^) and Ac{X) are filtered by defining a 
morphism / to be of degree n if it is n-bounded. 

Proposition 5.8. Let {Yi C Xj}jg/ be a family of metric spaces with subspaces, then 
the inclusion Yli^j Ar{Yi) ■— )■ niGZ-^rl-^j) is a Karoubi filtration. We will denote the 
quotient by Y\_i^i AT-{Xi^Yi) . The same holds when Ay is replaced by Ac- 
Proof. Let Zj := r X Xj X [0, 1) and let (/? = {(/9j: Ai — )■ Ui}i^i be a morphism from 
{M e Y\tjAT{Xi) to {Ui] G Yl'ijAviYi). Under the projection 

Pi-. Zi^ Zi-^ XiX Xi 

the subspace suppv^j := {{z.,z') E Zi x Zi \ ipz',z 7^ 0} has image insideXj x Yi. Let 
Vi := {x E Xi \ 3y : {x,y) G pj(supp (/9i)}. Define p^: \4 — )■ Yi by choosing for every 
V E Vi a y with {v,y) G pi{suppipi). Furthermore, define 

-■cepr^iy) 

This defines for every morphism starting from {Ai} a decomposition 

{A = Ur(BA,\x,\v.hei 

and {Uf}i(=i = {Ai\vi}iei, {Uf} G Ilje/'^rl^j)- Taking these decompositions for 
every A indexed by all morphisms starting in A one can easily check that this gives 
a Karoubi filtration of ]^^gy^^r(Xj). D 

Definiton 5.9. If F acts on X and A, then F acts on the category ^r(-^) by 
{'~fM)x := 7(M^-i^) and the corresponding action on the morphisms. For a subgroup 
G < F and Yi C Xi G-invariant let HiG/'^r (^i) ^j) be the corresponding fixed point 
category of Y[ieiAr{Xi,Yi). This is equivalent to the quotient of Hie/'^rl^j) by 
litiAnYi). 
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Definiton 5.10. For a continuous map p: X — )■ X' let Ar,p{X) be the full subcate- 
gory of Ar{X) with objects having support in F x p~^[K) x [0, 1) for some compact 
subspace K C X'. For some G < F acting on X let A^ p{X) be the fixed point 
category as above. 

Furthermore, let ^p (X)o be the full subcategory of A'^ JX) with the following 
condition on the support of the objects: 

• For every object M the limit points of the image of supp(M) under 
Z — )■ X X [0, 1) are disjoint from X x {1}. 

The inclusion ^p (X)o into ^p (X) is a Karoubi filtration. 
Define ^^p(X)~'to be the quotient of ^^^^(X) by A^p{X)o. 

The categories defined above are functorial in X for continuous metrically coarse 
maps / : X — )■ y respectively commutative diagrams of the form 

X— ^r 

p 
f 

where / is continuous metrically coarse and /' is continuous. If two such maps are 
metrically homotopic (see Section [3]) , then they induce homotopic maps 

of the K-theory spectra f IBROTbl (5.15)]). 

Remark 5.11. Let p: EF — )■ F\EF be the projection. The category ^pp(EF)o is 
equivalent to the category ^[F] defined in |BR07a| . There also is the assembly map 

H^ET; K^) -> H,{pt; K^) = 7r,K(^[F]) 

defined. 

The controlled categories defined above can be used to describe that assembly map. 

More precise the boundary map 

7r,K^;^_p(EF)°" ^ 7r,_iK^;^_p(EF)o 

is equivalent to the assembly map. Compare |BR07bt (5.17)]. 

6. The Rips complex 

Recall the following definitions. 

Definiton 6.1. A metric space X has bounded geometry if for each R > there 
exists X > such that for all a; G X the ball Bji{x) contains at most X points. 
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Definiton 6.2. Given a metric space X and a number s > 0, the Rips complex 
Ps{X) is the simphcial complex with vertex set X and with a simplex (xq, . . . ,Xn) 
whenever d{xi,Xj) < s for all i,j G {0, ...,n}. 

Note that if X is a metric space with bounded geometry, then the Rips complex 
Ps{X) is finite dimensional and locally finite. We will always use the simplicial path 
metric on Ps{X). For a definition of the simplicial path metric see [RTYt Section 2]. 
The following is similar to [GTYb[ 4.3.6] and is proved in a special case in the proof 
of |RTYl Theorem 7.8] 

Proposition 6.3. Let X be a metric CW-com,plex, Y a suhcom,plex such that X is 
uniformly contractible with respect to Y and the cells in Y have uniformly bounded 
diameter. Let S be a subspace with bounded geometry such that there exists R > 
with Y C 5*^. Then there exist continuous metrically coarse maps /^ : F — )■ Ps{S), 
Qs '■ Ps{S) — )■ X for every s > 2R such that the following diagram commutes for s' > s 

Y^^P^{S)^^^X 





PAS) 

where iggi : Ps{S) — ?■ Ps'{S) is the inclusion and such that Qs o /^ is metrically homo- 
topic to the inclusion i: Y "^ X . 

Proof Let i? > be such that Y C S^, then {U^, := Y f] {Br{x') - (S - {x'}))}.^>es 
is an open covering of Y. Choose a partition of unity {(fx'} subordinate to the cover 
{Ux'} and define /,: F ^ Ps{S) by 

fs{y) ■= ^Vx'{y)x' 
x'es 
for every y eY, s > 2R. 

Define maps Qs'. Ps{S) -> X by induction over s G N and the simplices in Ps{S). If 
s = 0, Ps{S) = S and go is just the embedding S "-^ X. 

Now assume gs~i has been defined. Let Pg (S) be the fc-skeleton of Ps{S). Viewing 
Ps-i{S) as a subcomplex of Ps{S) we extend gs-i inductively over the subspaces 
Ps (S) U Ps-i{S). Assuming gs has been defined on PJ (S) U Ps-i{S) we extend 
over a fc-simplex a ^ Ps-i{S) as follows: 

Let D = diam((7s(9o")) and choose y G gs{da). By uniform contractibility of X 
relative to Y there exists D', depending only on D, and a null homotopy of gs\da 
whose image lies inside B£)/{y). We now extend gs over a using this null homotopy. 
To construct a homotopy from gs o f^ to i: Y "^^ X one does an induction over the 
simplices of F x / (best using a cell structure such that all cells are of the form 
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(J X {0}, o"x{l} or crxJ) using the relative uniform contractibility of X with respect 
to Y . To do this boundedly one uses the uniform bound on the diameter of the cells 
of F. D 

Remark 6.4. If X = U^g/^i has FDC, is uniformly contractible with respect to 
a subcomplex Y = Yiiei ^« ^'^'^ there exists a subspace with bounded geometry 
S = Y[i<=i ^i such that Y C 5''^ for some R, then for any family Ai of additive 
categories the above theorem yields maps 

bd bd bd bd 

i&I i&I iel i&I 

and {Qs)* o ifs)* induces a map on K-theory that is homotopic to the inclusion 

Theorem 6.5 ( |RTY1 Theorem 6.4]). If X = Yiiei-^i ^■^ '^ bounded geometry metric 
space with FDC, A an additive category, then for each n & 1i we have 

bd 

colim7r„IKTT A(^s^*) = colim7r„IK(A(^s^)) = 0. 

s -^ -^ s 

The same proof as in |RTY] also yields a more general result. 

Theorem 6.6. If X = Yiiei-^i ^■^ ^ bounded geometry metric space with FDC, 
{Ai}i(zi a family of additive categories, then for each n & 1j we have 

bd 



colim7r„K JJ(A)c(PsXi) = 0. 



i€l 

7. The Descent Principle 

Let Z he a simplicial F-CW complex and A a filtered, additive category with 
F-action. Let J^ be the set of /c-simplices in the barycentric subdivision of Z. Since 
the vertices of every simplex in the barycentric subdivision are naturally ordered by 
the inclusion of the corresponding simplices in Z, we get maps 

Si'- Jk —> Jk-i, 0" I— ^ dia ioT < i < k. 
Define for each n G N 

bd bd 

Al := Map^(A^ (K J] ^)n) = Map(A^ (K J] A)l) 

Jk Jk 
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and 

k bd 

i=0 Jfe 

where (K Y\j A)n is the n-th space of the spectrum K Y\j A. The maps Sj induce 
maps /^ := (s*)j: Afc_i — )• -B^ and the inclusions (ij: A'''^^ — ^ A'^ induce maps 
gl:={d*).:Al^Bl. 

Definiton 7.1. The hounded mapping space Mapp'^(Z, K^) is defined as the spec- 
trum whose n-th space is the subspace of IlfceN ^fc consisting of all {h]S)k € IlfcgN ^fc 
with fj}{hk-i) = Qki^k) for all fc > 1. The structure maps are induced by the 
structure maps of the spectra ]K(]^j A). 

Remark 7.2. The inclusion Y\j A'-^Y\j A induces a map 

bd 

Fk-. Map^(A^KJJ^) ^ Mapp(A^ K JJ^) ^ Mapr(]J A^ K^). 

Since /fc"(/ife-i) = gl{hk) for every {hk)k e (Map^'^(Z, K^))^, the maps 
Fk{hk) e (Mapr(Uj, A^', K^))„ fit together to a map h G (Mapr(^, K^))„. There- 
fore, the inclusions Y\j A M- Y\j , -^ induce a map 

F: Map^^(Z,K^) ^ Mapp(Z,K^). 

Furthermore, the diagonal map A : ^ — )■ ]^ j A induces a map 

K{Af ^Ma^VviZ^^A) 
by sending a; G K(^)^ to (/ife)^ G Mapr'^(Z, IK^)„ with /i^ = IK(A)(a;) for all k. 

Proposition 7.3. Let Z he a simplicial T-CW complex and A a filtered, additive 
category with V -action. Let (A^, BJ!:, fj!,g^) he as ahove. Then (Mapp {Z,A)^ is a 
model for the limit as well as the homotopy limit of the diagram {A^,BJ^, fj!,g^). 

We will use that pullbacks where one of the two maps is a fibration are homotopy 
pullbacks and that the limit of a tower of fibrations is a homotopy limit of that 
tower. These facts are well known and the analogous statements in the category 
of simplicial sets instead of topological spaces can be found in |BK72t Chapter XI, 
Examples 4.1(iv)&(v)]. 

Proof. Let M^ C nfc<m ^fc denote the subspace with /^(/^fc-i) = Qki^k)- M^ is a 
limit of the diagram {A^, B^, /^, g]^)k<m- The limit arises from taking finitely many 
pullbacks. Since the maps g^ are fibrations, the space M^ is a also a homotopy 
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limit of this diagram and the induced maps M^ — )■ M^-i are fibrations as well. 
(Mapr'^(Z, KA))^ is a limit of the tower 

...^Mm^ Mm-1 ^ . . . ^ Ml ^ Mo = Ao, 

and since all these arrows are fibrations, it is also a homotopy limit of the tower. 
Therefore, (Mapp {Z, 1K.A)) is a model for the limit and the homotopy limit of 

{Al,B-,J^,gl). " D 

Proposition 7.4. Let Y he a finite dimensional, simplicial T-CW complex with 
finite stabilizers and let X be a T-CW complex such that for every T-set J with finite 
stabilizers 

bd 



colim TTnK Y\KAr{TK)) = 0, Vn G N. 

KCX finite \ 



Then 



colim 7r„(Map?f(F,K^r(r/s:))) = 0, ^n e N. 

KCX finite 



Proof. Let xq G S*" be the base point. As above let Jk be the set of A;-simplices in 
the barycentric subdivision of Y and let Sj : Jk -^ Jk-i be defined by o" i-> dia. 
An element in 7r„(Mapp (Y, IK^r(r-^))) is represented by a system of maps 

bd bd 

/^fceMap,(^^Map(A^K(^^^(^i^))^))=Map,(5"AA^,K(^A(^ir))^) 

Jk Jk 

such that: 

• hk\s"A{^^A^')+ = (Si)* o hk^i 

We will produce a null homotopy {Hk} by induction on k. Since ho represents an 
element in 7r„K(]^j ^r(r-^))^) there exists K C K' such that ho is null homotopic 
in ]K(]^j ^r(r-^'))'" by assumption. Every such null homotopy gives a map 

bd 

Ho e Map,(5" A A\ k([[ ArirK'))"^) 

Jo 
with 

• -f^o|s"A{9iAiu{i}) = No- 
where {1} G A^ is the base point. Now assume we already have constructed maps 

bd 

H, G Map,(5" A A-'+i, K{\[Ar{TK')Y) 

Jj 
({j ' + 1} G A-'^^ being the base point) for j < k such that 
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• Hj\sn;^Q^^j+i = {siY o Hj_i, <i <j and 

• -f^iU"A(9,+iAJ+iu{j+l}) = hj. 

These glue together to a map 



bd 



such that 

• -fffc|5"A9,Afe+i = {■%)* o Hk-i, <i <k and 

Since 

the element Hk gives an element in Map^(S'"'+'^, ]K(]^j ^r(r-^'))^)- ^J assumption 
there exists K' C K" such that Hk is null homotopic in Map,(5"+'', K{Yff^ Ar{TK")y). 
Any such null homotopic can be used to extend Hk to a map 

bd 
Jk 

with the properties stated above. 

Since Y was assumed to be finite dimensional, after finitely many steps we have 

constructed the required null homotopy {Hk}- □ 

Lemma 7.5. Let X he a metric space, then 

bd bd 

n^r(X)o ^ X[Av{X) ^ \{AT{Xr 
III 

is a Karouhi filtration. 

Proof. To show that the sequence is Karoubi it suffices to show that for any morphism 
/: M — )■ A^ in Ay{X)°° and any i? > there exists a morphism (/?' in ^r(-^) that is 
i?-bounded and represents /. 

Let if he a. representative of /. For every x G X let U^ '■= Bfi/2{x) x [0, 1] C X x [0, 1]. 
Since (/? is continuously controlled at 1, there exists a neighborhood \4 C Ux of 
{x, 1) G X X [0, 1] such that (p(Y^y)^('y^v) = for all 7,7' G r,t> G Vx,y ^ U^- Define 
V := [Jxex^x- Then M|rxXx[o,i]\rxy is an object in Ar{X)o and therefore the 
morphism (f': M ^ N defined by 

'^{i',yUi,v) - \ else 



24 



DANIEL KASPROWSKI 



also represents /. 

if' is i?-bounded, since ^\^t \i ■. 7^ implies f G Kc C B^i2{x) x [0,1] and 

y E Ux '^ Bfi/2{x) X [0,1] for some x E X. Therefore, d{pTx{v),pTx{y)) < R, 

where prjs^^: X x [0, 1] — ?■ X is the projection. D 



bd 



By formally defining Yii -4r(X) 



]^j^r(-^)°° the above Proposition and 



Proposition 17.31 imply that we get the following homotopy fibration sequence: 

Map^'^(Z,K(^r(X)o)) ^ Map^'^(Z, K(A W)) -> Map^'^(Z, K(A W°°)) 
This can be used to prove the following version of the Descent Principle: 

Theorem 7.6. Let T be a discrete group admitting a finite dimensional model for 
ET, let X be aT-CW complex, such that for everyV-set J with finite stabilizers, every 
K C X finite and every x G 7r„(IK(]^.gj^r(r-^))^) there exists a finite subcomplex 
K' (1 X containing K such that under the map induced by the inclusion 

bd bd 

l[Ar{rK)^l[Ar{rK') 

X maps to zero. Then the map 

Hl{X;K,,) -^ KM[T]) 

is a split injection. 

Proof. Let F be a finite dimensional, simplicial F-CW-model for EF. 
Consider the following commutative diagram: 



K(^r(ri^)c 



K{Ar{rK)y 



K{Ar(TK) 



oo\r 



Map'/iY, K{Ar{TK)o)) Mapp(r, K(^r(ri^))) Map^''(r, K{Ar{TK)°^)) 



Mapr(y, K{Ar{TK)o)) Mapr(r, K{AriTK))) 



Mapp(F,K(^r(rir)~)) 



All three rows in this diagram are induced by Karoubi filtrations and are, therefore, 
homotopy fibrations. The vertical rows are those from Remark |7.2[ The composition 
go f is a weak homotopy equivalence by |Ros04t Theorem 6.2]. Therefore, / induces 
a split injection on homotopy groups. 

(Since K-theory commutes with products, g is a weak homotopy equivalence but we 
do not need this fact here.) 
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Since colimxcx finite 7i"„(K(^r(r-ft'))) = 7r„K(^p,r(X)), for p: X -^ T\X the projec- 
tion map, after taking honiotopy groups and colimits over K (^ X finite we get the 
following: 

7r,+iK(^p,r(X)-)r ^ . 7r,K(^j,,r(X)o) 

colim^ 7r,+i(Map^'^(r, K(A(rir)-))) ^- colinii^ 7r„(Map^'='(r, K(^r(rir)o))) 

The lower horizontal map is an isomorphism by Proposition 17.41 and /^, is split in- 
jective as stated above. So the upper horizontal map is split injective. This map is 
equivalent to the map in the theorem. D 

8. Proof of the main theorem 

Theorem 8.1. Let T he a discrete group with fqFDC and with an upper bound on the 

order of its finite subgroups and let A be a small additive T-category. Assume that 

there is a finite dimensional T-CW-model for the universal space for proper T- actions 

ET. 

Then the assembly map in algebraic K-theory iff (EP; K_4) — ?■ i^^,(^[P]) is a split 

injection. 

Let X be a finite dimensional, simplicial P-CW-model for EP with a proper P- 
invariant metric. Such a model exists by the assumptions of Theorem 18.11 and Propo- 
sition 11.51 

Let G be a finite subgroup of P. Let G = Hq, H^, . . . , H^^ = {e} be a representing 
system for the conjugacy classes of subgroups of G ordered by cardinality, that is 

iTTGly IrrG I 

Let m := maxcmG and define Hj^ := {e} for all mc <l<m. 

For each k, < k < m, define S^ := {{H^Y \ < i < k,g e G} and Z^ := X^^ . 
Since S^ is closed under conjugation by G, the space Zjf is G-invariant for every k. 

Lemma 8.2. Under the assumptions of Theorem \8.1\ for every k, < k < m, every 
n and every family of finite subgroups {Gj}ig/ ofV the following holds 

cohmvr^K (\{A[H^%{G,\{Z^^ n VK)) J = 0, 

where the colimit is taken over all compact subsets K (1 X . 

1 1 ni^-Ti^ oT^„^^ TT 



Proof. Let ii' C X be compact. By Lemma ll.8l and Lemma ll.lOl the space Yijci ^A^k ' 



is uniformly contractible with respect to IJjg/^A(-^a; * ^ TK). 
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Let X (z K and let i? > such that K C Bji{x). Since Z^ ' fl TK is Gj- invariant, 
(Zf n TK)^ is Gi-invariant as well and Gi\{Z^^ n rfsT) C Gi\iTx n (Z^^ n TK)^)^. 
Choose maps p^ : Gi\{rx H (Zf " n TK)^) ^ GA(Zl^' H TK) with d{y, pi{y)) < R for 
all y e GA(rx n {Z^^ n TK)^) and define Si := im(pi). 

We have Gi\{rK n Z^^ ^ '^^■f^ and Uiei ^i ^ Uiei'^Ai^k' ^ ^^) i^ a subspace 
with bounded geometry because Tx has bounded geometry. So by Proposition 16.31 
and Remark 16.41 for every s > AR there exist K' ^ X compact and containing K 
such that the inclusion 

(bd \ / bd ^ 

l[A[H^%{GAiz^'- n TK)) ^ K n^[^?%(G'A(^f n TK')) 
iei / Vie/ 

6d AlzjGi 



factorizes over K (^nig/-4[i7,^%(P.(5.)) 
Define a metric on F by 



ci(7,7' 



7 = y 

(i(7X, 'j'x) 7 7^ 7' 



Since the stabilizer of x is finite, this metric is proper. The map T — )■ Tx, 7 t— )■ 7X is 
a coarse equivalence and therefore Tx has fqFDC 

Yiii^i Si is coarsely equivalent to a subspace of Yiiei ^i\^^ and so Yiiei ^i has FDC. 
It follows that colim,7r„K (U^ii A[H^%iPsiSi))) = by Theorem EH Therefore, 
also the colimit in the statement of the proposition vanishes. D 



The following lemma is essentially the same as jBROTbl 8.4]. 



Lemma 8.3. For each k, 1 < k < m, every finite subgroup G <T and every compact 
subset K (1 X we have the following isomorphism: 

A^z^ n TK, zti n TK) = A[H^UG\{z^ n TK), G\{zti n f;^)). 



Proof of Theorem \8.1\ 

By the Descent Principle it suffices to show that for every integer n and every F-set J 

with finite stabilizers the following holds 



cohm7r„K [ JJ A(ris:) j = 
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where the cohmit is taken over all compact subspaces K C X. 

]^ .gj^r(r-^) ) is equivalent to Ylrj&Kj-^r i^-^)^ where Tj is the sta- 
bilizer of j G J, this is equivalent to showing that for every family of finite sub- 
groups {Gi}i^i over some index set / the following holds 



colim7r„K [ J]^^^"(rK)) j = 0. 



Er^' = z^' c zf ' c . . . c z^L^ c z^^ = Er 



We will proceed by induction on the filtrations 

defined above. 

Since Gi acts trivially on EE^s ^p'(EE^» nEK) is equivalent to ^[Gi]c(EE^' nE/sT) 

and by Lemma 18.21 we have 

bd 

colim7r„K JJ^[G,]e(EE^' n TK) = 0. 
This completes the base case of the induction. 
Assume now 

bd 

colimTT^K JJ^^*(Z^' n TK) = 0. 



We must show that also 

bd 



colim7rnKY[A^'{Z^^^ n TK) = 0. 



K 

Consider the Karoubi filtration 

bd bd bd 

XlAfiZ'^^ n TK) ^ n-^r'(^£i n TK) -> n^r'(^£i ^ ^i^, Z'^^ n TK)) 

iei iei iei 

which yields a homotopy fibration of spectra after applying K. By using the induction 
hypothesis, we only need to show that 

bd 

colim 7r„K JJ A^' {Z% n TK, Z^^ n TK) = 0. 



By Lemma [8.31 



K 

i&I 



bd 



\{Af{Z%nTK,Z'^^nTK) 



i&I 
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is equivalent to 

bd 

l[A[H^UG^\{z^U n rK),GMz^' n tk)), 

which fits into the Karoubi sequence 

bd bd 

l[A[H^%{GAiz^' n TK)) -^U-^lH^'^ciGAiz^;, n tk)) 

bd 

^ n A[H^%{GA{z^u n TK), GAiz^' n TK)). 

By Lemma [8.21 we have 

bd bd 

co\^m7rnKl[A[H^%iG,\{Z^^nrK)) = cohmvr^K J]^[/7,^'],(GA(^£inrir)) = 0. 
Therefore, also 

bd 

cohm7r„K J]^[iff ]e(GA(^£i H TK), G,\iZ^^ H TK)) = 0. 
iei 



n 



9. L-THEORY 
As in |BR07b| we get the following L-theoretic version of Theorem 18.11 

Theorem 9.1. Let T be a discrete group with fqFDC and A a small additive T- 
category with involution. Assume that there is a finite dimensional T-CW-model for 
the universal space for proper T- actions ET and that there is an upper hound on the 
order of finite subgroups ofT. Assume further that for every finite subgroup G <T 
there is an io & ¥\ such that for i > Iq, K_i{A[G\) = 0, where A is considered only 
as an additive category. 

Then the assembly map in L-theory iff (ET; L^ °^ ) — !■ Ll °° {A[T]) is a split injec- 
tion. 

Proof. Everything we did works for L-theory as it works for K-theory with exception 
of the Descent Principle 17.61 Here the additional assumption about the vanishing of 
K-i{A[G]) for large i is needed because only then the L-theoretic analogue of |Ros04| 
Theorem 6.3] holds. For more details on this see |BR07b] and |CP95| Section 4]. D 
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